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Abstract 

Given a regular bounded domain O C R^™, we describe the limiting be- 
havior of sequences of solutions to the mean field equation of order 2m, 
m > 1, 

(— A)™ii = p-f — — in f2, 

under the Dirichlet boundary condition and the bound < p < C. We em- 
phasize the connection with the problem of prescribing the Q-curvature. 



1 Introduction 

Let Vt C K^™ be a bounded domain with smooth boundary. Given a sequence 
of numbers pfc > 0, we consider solutions to the mean- field equation of higher 
order 

subject to the Dirichlet boundary condition 

Uk^d.Uk^ ...^d^'-^Uk^Q on on. (2) 

As shown in Corollary 8 of [Marlj . every Uk is smooth. In this paper we 
study the limiting behavior of the sequence (ufc). We show that concentration- 
compactness phenomena together with geometric quantization occur. We par- 
ticularly emphasize the interesting relationship with the thriving problem of 
prescribing the Q-curvature. 

For any ^ G fi, let G^{x) denote the Green function of the operator (—A)™ 
on with Dirichlet boundary condition (see e.g. [ACLj ) . i.e 



(-A)'"G5 =5^ inVL 
= dM^ = . . . = d'^-^G^ = on dO.. 



(3) 



Also fix any a S [0, 1). We then have 
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Theorem 1 Let Uk he a sequence of solutions to ([T]), ^ and assume that 



0<pk<C. 

Then one of the following is true: 

(i) Up to a subsequence — > uq in C'^™^^''^{fl) for some uq € C°°{n). 

(ii) Up to a subsequence, lim/j^oo niaxQ Uk = oo and there is a positive integer 
N such that 

limpfc-iVAi, Ai-(2m-l)!|^2m|^ 

k — >oo 

Moreover there exists a non-empty finite set S = {x^^\ . . . , x^-^"^} C fl 
such that 

z.,-Aif]G,„ ^nCf::-''"{n\S). (5) 
1=1 

The mean field equation in dimensions 2 and 4 has been object of intensive 
study in the recent years. We refer e.g. to [NS| . |Wei| . [RWj and the references 
therein. In particular in |RW| the 4-dimensional analogous of our Theorem [T] 
was proved, and many of the ideas developed there are used in our treatment. 

The geometric constant Ai showing up in ^ and ^ is the total Q-curvaturcQ 
of the round 2m-dimensional sphere. It is worth explaining how this relation 
with Riemannian geometry arises. It will be shown in Lemma E] below that one 
can blow up the Ufc's at suitably chosen concentration points, and get in the 
limit a solution uq to the Liouvillc equation 

(-A)'"uo = (2m - l)!e2""'' in M^^" (g) 

with the bound 

e2""Vx < 00. (7) 

Geometrically, if uq solves ©-([71), then the conformal metric e^^°g]^2m on R^™ 
(where (7R2m is the Euclidean metric) has constant Q-curvature equal to (2m— 1)! 
and finite volume. As shown in |CCj . there are many such conformal metrics 
on R^™, and the crucial step in Lemma [S] below is to show that 

Vx)=:log(^). (8) 

The above function has the property that e"°g-^2m — (tt"^)* gg2m , where 352,™ is 
the round metric on S*^™, and tt : S"^™ R^™ is the stereographic projection. 
In particular 



This is the basic reason why the constant Ai appears in Theorem [T] In order to 
show that (HI) holds, we use the classification result of [Marlj and a technique 



^For the definition of Q-curvature we refer to |Cha) . or to the introduction of [Marl] and 
the references therein. 
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of [RSj . which aUows us to rule out all the solutions of ^ which are "non- 
spherical", hence whose total Q-curvature might be different from Ai. 

We will further exploit such connections with confornial geometry mainly 
by referring to Theorem 1 in |Mar2] , about the concentration-compactness phe- 
nomena for sequences of conformal metrics on M^"* with prescribed Q-curvature 
(compare |BM| . [ARS' and |Rob| for 2 and 4-dimensional analogous results). 
We state a simplified version of this theorem in the appendix, since we shall use 
it several times. 

The last crucial step in the proof of Theorem [T] is the generalization to arbi- 
trary dimension of a clever argument of Robert- Wei , RW] based on a Pohozaev- 
type identity, which rules out blow-up points at the boundary (see Lemma [TT|) 
and allows to sharply estimate the energy concentrating at each blow-up point 
(see Lemma [T2|) 

One can also state Theorem [1] as an eigenvalue problem, as in [Weij . In this 
case one replaces the term r by the constant A/c > in (fTl) , so we consider 

the equation 

(-A)™7/fe = Afcg^m-^ (10) 
The assumption < pfc < C gets replaced by 

Sfe / Afee2""'=dx < C, (11) 

and we keep the boundary condition Q . Then Theorem [T] implies that either 

(i) up to a subsequence uq in Cj^™ or 

(ii) up to a subsequence Ej, — > A^Ai and (uk) satisfies with the same 
notation of Theorem [T] 



Several times we use standard elliptic estimates. For the interior estimates 
one can safely rely on |GT| or |GM| . For the estimates up to the boundary, one 
can refer to [ADN] . Throughout the paper the letter C denotes a large universal 
constant which does not depend on k and can change from line to line, or even 
within the same line. 



2 Proof of Theorem [T] 

The proof will be organized as follows. We shall see in Corollary [31 that if 
sup^Ufc < C, then Uk is bounded in C^'"~^'"(ri) and case (i) of Theorem [1] 
occurs. Therefore, after Corollary [3] we shall assume that 

lim supwfc = oo, (12) 
and prove that case (ii) of Theorem [T] occurs. Let 



1 ^ ^ ^(2m- 1)! /^e2""'=da; 



ak := 7r~ log ' Uk-^Uk- at- (13) 

2m V Pk ) 

Lemma 2 f/p to selecting a subsequence, we have ak > —C. 



3 



Proof. Indeed 

(-A)™{tfc = (2m - l)!e2™"'= in n (14) 

and 

Mfc = -afc, S^u/c = ...== d'^^^iik = on afi. 

Moreover 

Jn (2m - 1)! - ^ ^ 

Using Green's representation formula, we infer 

{x) = (2m - 1)! / G,(y)e2™«'=(^)dy - a^. (16) 



Then, integrating ([T6|) and using (fT5|) . the fact that ||G'j,||li(o) ^ C, with C 
independent of y, and the symmetry of G, i.e. Gx{y) = Gy(x\ we get 

l^fc + a-k\dx < C. (17) 

Now, according to Theorem [T3] in the Appendix, we have that one of the fol- 
fowing is true: 

(i) Uk itQ in Cf^~^'°' (fl) for some function uq. 

(ii) Uk ^ ~oo focally uniformly in r2\fio, for some closed nowhere dense 
(possibly empty) set fio of Hausdorff dimension at most 2m — 1 . 

In both cases the claim of the lemma easily follows from (|17p . □ 



Corollary 3 The following facts are equivalent: 
(i) Up to selecting subsequences, Uk < C. 
(ii) Up to selecting subsequences, Uk < C . 

(Hi) Up to selecting subsequences, Uk —> uq in C''^™~^'°'(i}) for some smooth 
function uq. 

Proof, (i) => (ii) follows at once from Lemma [5] 

(ii) ^ (iii) follows by elliptic estimates, observing that 

|(-A)"ufc| = |(-A)"ufe| = |(2m- l)!e2™«'=| < C 

and using dJ)- 

(iii) ^ (i) is obvious. □ 

Lemma 4 For all £ G {1, . . . , 2m — 1} and for p e [1, ^), there exists C — 
C{£,p) such that 

[ iV^Mfel^da: < Ci?2"^*P, (18) 

for any Bjiixo) C fl. 
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Proof. We prove the claim by duality. Let ip e C^(il) and q — ^j^j. Differenti- 
ating (fT6|). using Fubini's theorem, the relation Gx{y) — Gy{x) and the estimate 
(see [DX5] 1 

\y'Gy{x)\ < (19) 
\x - y\'^ 



we get 



\V'Uk\^dx < C I l^Gyix)] e^"''"'^y>dy]\ip{x)\dx 

Br{xo) JBRixa) \Jn 



< C [ e^'^^'-^y^i [ \x-y\~^\ip{x)\d3\dy 
Jn \Jbr(xo) J 



' Br(xo) 

„2mfifc(y) I I dx 



where in the last inequality we used p < ([TS]), and the simple estimate 



Bnixo) \^ - yl'^" JBn(v)\X-y 

The lemma follows at once. □ 



Lemma 5 Let Xk E ^ be such that 

Uk{xk) = niaxufe —f oo. (20) 

Let Hk := 2e-«^(-^). Then ^ +oo. 

Proof. Suppose that the conclusion of the lemma is false. Then the rescaled 
sets 

flk := -j^ifl - Xk) 

converge, up to rotation, to (— cx),to) x K.^™^^ for some to > 0. Define 

{tfe(a;) := Mfe(a;fe + ^fcx) + log(/ife), x £ flk- (21) 

By ([20|) and Corollary [3] we have fik -> 0. Fix i? > such that 5^(0) n9f7fe ^ 0, 
and let x e ^^(0) n ^k- Then, for 1 < £ < 2m - 1, using ^ and (HH), we get 



k + tJ-kX-yf 

1 



Jo 

1 



< Cni{ I -^e'"^--^y>dy 

n\B2R^,^(xt) \xk + tikx - y\ 



lB2R,^(x,) \xk+t^kx-y\^ 
< CR-^ [ e'^"'^''dy + Gfiir'^"' 



dy 



n - ■ JB2R^^(xk) \xk + Hkx - yf 
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where we used that for y E Q \ B2Rfi^ (xk) and x G Bi^{0) n flk we have Rfik ^ 
\xk + fJ-kX — y\ and, for any y e Q we have e^'""'»(^) < 2^™^^^^™. This imphes 

\uk{x) - < for |a;| < R. 

Choosing x £ Bji{0)r\di}k we get \uk{xk)\ — \uk{xk) + ak\ < C{R), contradict- 
ing □ 



Remark. In the choice of the scales /x^ we are free to some extent. Our particular 
choice is made in order to give a cleaner form to the blow-up limit described 
in Lemma [5] and to make the connection with the problem of prescribing the 
Q-curvature more transparent. • 

From now on we shall assume that holds. 



Lemma 6 Let Uk he defined as in ()2ip . Then, up to selecting a subsequence, 
we have 

hin uk{x) ^\og(—^\ znCf;r''"(R'")- (22) 
Proof. We give the proof in two steps. 

Step 1. We first claim that up to a subsequence, Uk — > wo in Cj^"'^^'"(R^'"), for 
some smooth function uq satisfying 

(-A)"mo = (2m - l)!e2™"«. (23) 

Let us first assume m > 1. We apply Theorem [T2] on M^™ to the sequence 
(wfc), where it is understood that one has to invade R^™ with boimded sets and 
extract a diagonal subsequence in order to get the local convergence on all of 
R^™. Since Uk < log 2, we have 5i = 0, in the notation of Theorem [l31 Then 
one of the following is true: 

(i) Uk -> uo in Cf^-^^"{m.^"') for some function uq G Cf^^^^" (M.^'"), or 

(ii-a) Uk —oo locally uniformly in R^™ (case Sq = 0), or 

(ii-b) there exists a closed nowhere dense set 5o ^ of Hausdorff dimension at 
most 2m — 1 and numbers /3k ^ oo such that 

|^-(/,inCf,r''"(IR''"\^o), 

where 

A™(^ = 0, (^<0, v'^OonM^™^ = on S'q. (24) 

Since t2fe(0) — log 2, (ii-a) can be ruled out. Assume now that (ii-b) occurs. 
From Liouville's theorem and ([21]) . we get A(p ^ 0, hence for some i? > we 
have /b^(o) |A(^|dx > and 

lim / |A{tfc|da; = lim (3k / |A(p|c?x = -l-oo. (25) 
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By (|18p . and using the change of variables y — Xk + fJ-kX, we get, for 1 < j < 
m — 1, 

/ \A^Uk\dx = ^1-"^+^' f \A^Uk\dy 

< CMfc^"+^^'(i?/ife)^""^^ < Ci?2™-2j, (26) 

which contradicts for j = 1 and any fixed R > 0. Hence (i) occurs. Clearly 
uo satisfies and our claim is proved. 

For the case m = 1, we infer from Theorem 3 in BMJ that cither case (i) or 
(ii-a) above occur, and case (ii-a) is ruled out as above. 

Step 2. We now want to prove that uq — log . From Fatou's lemma and 
5l) we infer 

e2"™o^x = lim / e2""°dx< lim liminf / e^"'"''dx 



= lim liminf / e^"'"-dx< f e^"'^''dx<C. 



R^OQ k- 



If m = 1, then our claim follows directly from [CLj . Assume now m > 1. From 
Theorem 2 in |Marl| we get that either 

2A 

"0 = log — ^ (27) 

1 + \x — xq\ 

for some A > and xq € R^™, or there exists jG{l,...,r7i — 1} such that 

A^uo{x) — > a as +oo, (28) 



for some constant a < 0. On the other hand, (p8| implies that for every R > 
large enough there is k{R) e N such that 

/ \A^Uf^\dx>Ll\Bn{0)\>—^, ioTk>k{R). 

This contradicts in the limit as i? ^ 0, whence (|27p has to hold. Since 
Uk{^) = maxn^. Uk — log2, the same facts hold for uq. Therefore = and 
A = 1 in (P?]) . This proves our second claim, hence the lemma. □ 

Lemma 7 There are N > converging sequences Xk.i a;*^*^ , 1 < i < ./V, with 
liiak^oc Uk{xk,i) = oo such that, setting 

Uk.ii^) '■= Uk{xk,i + tiksx) + \og^lk,i, fJ-kA ■= 2e~'"='^^'=''\ (29) 

we have 



(Ai) limfe^oo ^^t;^ + ^forl<i^j<N 



I fc , i ''^ fc , J I 

(A,) lunk^^ disti^^on) = /or 1 < z < AT 

(As) Uk,^ ^ 770 in "^^'"(R^™), Jorl<i<N, where 7jo{x) = log (j^) ■ 
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(A4) Forl<i<N 



lim lim 

R — ^00 k — >QG 



(30) 



(Az) infi<i<Ar \X - 2;(0|2mg2m«fe(a;) < (j f^^ ^^^^y ^^^^ 

Proof. We proceed inductively. 

Step 1. For TV = 1, choose x^^i such that Uk[xk,i) = sup^Ufe. Then LemmaE] 
and Lemma m imply that {xk^i) satisfies {A2) and (A3). Moreover {Ai) is empty 
and {A4) follows at once fi'om {A^) If also (^5) is satisfied, we are done. 
Otherwise we construct a new sequence, as in the inductive step below. 

Step 2. Assume that t sequences {{xk.i) ^ 2;^') : 1 < « < ^}, have been 
constructed so that they satisfy (Ai), {A2), {A3) and {A4), but not {A5). Set 



Wkix) 



inf \x-Xka\ e 
i<i<e 



2m 2muk(x) 



SO that limfc_>oo sup^ Wk — 00, and choose yk € fl such that Wkiuk) — supj^ Wk- 
Then — > y up to a subsequence. Also set 

-fk = "ie-^'^y-l Vk{x) = Ukiyk+lkx)+logjk- (31) 

We claim that (Ai), {A2), {A3) and {A4) hold for the £+1 sequences 

{ixk,^)^x^'^ :l<z<^+l}, 

if we set 





:= Vk 


< _ 


= y 


UkX+l 


:= Vk 




— 7fe 



Since Wkivk) 



lim 

k — *oo 



■foo we get 
lUk - Xk,i 



> lim 

k — >oc 



WkiVk) 



^/j. k — >oo 2 

We claim that we also have 

\yk-xk,i\ 



— +00 for 1 < i < 



lim 

k — *oo 



00 for 1 < i < £. 



Indeed, setting 



'k,i 



fJ-k,i 

■iJi—E±A we have 



Xfc,,|'"e2™"'=('^'=) = \euA^'^ eM'^m[uk{xk,^+^ik,^0k,^)+ log ^ik^). 



If our claim were false, then the right-hand side would be bounded thanks to 
(A3), but then we would have Wk{yk) ^ C, against our assumption. This proves 
{Ai). Fix now e, i? > 0. Since maxw^ is attained at yk, and using pip , we have 



infi<,<£ \yk - XkA?"^ 
infi<,;<^ \yk +lkx - Xks?""' 



(32) 
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Choose k{e,R) such that \yk — Xk,i \ > -^7fe for k > k{e,R) and 1 <i < £. Then 
< for X e Br{x), k>k{s,R), 1 <i <£, 



\yk - Xk,i +"fkx\ 1 

hence 

e'™'"^'^ < _ ^p„, for X e i?H(0), fc > fc(e, R). 

With this information, we can apply the proofs of Lemma [5] and Lemma [B] to 
get {A2) and (A3) for i = ^ + 1. FinaUy, {A4) foUows from (A3). 

Step 3. The procedure has to stop, i.e. (^5) has to be satisfied after a finite 
number of inductive steps. Indeed at the £-th steps we get 



hm / e2™"^dx > hm hm V / 

e 

= hm lim V / e2'"'"=-'(^)d2/ 

which, together with (fT5|) . gives an upper bound for i?. Setting iV to be the £ at 
which our inductive procedure stops, we conclude. □ 

From now on, the N converging sequences 

{xk,t ■.l<i<N} 
produced with Lemma [7] will be fixed and we shall set 

S := ■.l<i<N}. (33) 

Lemma 8 For ^ G {1, . . . , 2m — 1} there exists C > such that 

inf |x - Xkaf I V''iifc(x) I < C, /or x e fl. (34) 

Proof. As already noticed, we can use (fTOjl , (fT^ and the symmetry of G to get 

/• 2muk{y) 

\y'uki^)\ < C / -^dy. (35) 

Let nk,i := {x e r2 : dist(x, {a;fe,i, . . . , Xfe,Af}) = fix a; G ilk,i, and 

write 

/ J'^y = / jdy + / jdy, (36) 

jQ.k,i \x-y\ JQ.k,^nBk.i \x-y\ Ji1k,^\Bk.^ \x - y\ 

where Bk^i := i? i^-xfc_,i {xua)- By Property (A5) we get 
2 

g2™fi,fe) < C|y-Xfe.,r"" iorye^kABk,^ (37) 
> 2l^~^'='^l for y G fifc,! n Sfc^i. (38) 
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r g2mjifc (y) (J 

/ jdy < (39) 



Then, using ^ and jSZI), we get 

/fifc.inSfe., \x-y\' 

As for the last integral in ([551) . we write fi^^i \ ^ = fi^^] U ^^^l, where 
Then straightforward computations and ((55)) imply 



-a 



a 

< : 



\X - XkA\ 

Summing up with ([M]) and ([55]) . the proof is complete. □ 

Lemma 9 Up to a subsequence, we have 

lim ttfe = +0O. 

k — ^oo 

Proof. We argue by contradiction. Suppose lim/^^oo ^k — f^o ^ 

Step 1. We claim that S C 9^1 , where S is as in (|33p . and there is a function 
uo e C2'"-i'"(n) such that 



Uk uq in Cfj^ ^'°'{fl\S). 



Moreover uq satisfies 



(-A)'"uo (2m - i)!e-2maoe2m«o in J] 
Uo duUo ~ . . . — 9™^^uo in 9ri 



(40) 



Indeed (|17p and the assumption that afc — > ao imply that 

ll"fe|lLi(o) < C- (41) 

Since Uk satisfies p4p and (|15p , we can apply Theorem [13] from the appendix. 
This implies that one of the following is true 

(i) Up to a subsequence, Uk — > uq in Cf^~^'°'(fl). 

(ii) Up to a subsequence Uk — > — oo locally uniformly in ri\rio for a set fig of 
Hausdorff dimension at most 2m — 1 . 
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Clearly case (ii) contradicts (HD), hence case (i) occurs and S d dVl. Using 
the boundary condition, Lemma[Hl and elliptic estimates, we actually infer that 
Uk uo in Cf™~^'"{i}\S). Then clearly Uk uq := uq + in Cfj^'~^^"(r2\S') 
and Mo satisfies (I^U)) . 

We finally want to prove that uq is continuous in il, hence smooth. In the 
limit as fc ^ cxD, Lemma [S] implies 

inf \x - x^'h\Vuo(x)\ < C ioixen\S. 

l<i<N 

Fix £ S and S > such that 

\x-x^''>\\Vuo{x)\ <C tor X ennBs{x^'^)\{x^'^. 

Then there is a constant C > such that 

\u{x) - u{y)\ < C ior x,y ennBs{x^'^)\{x^'^}, |a; - a;^ | = |y - |. 

By taking y G dfl and using we obtain that u is bounded near x^'^K Then 
(|40|) and elliptic regularity imply that uq e C°°{fl). 



Step 2. If S" = 0, then Step 1 yields Uk uq in Cf^~^'°'{Q.), which contradicts 
the assumption supjj Uk +oo. If instead there exists xq € S G dfl and take 
i5 > such that S n Bs{xo) = {xq}. Set for < r < (5 



a; 



where for m odd we put A^Uk '■— \7A^~Uk € M^™ (compare (pT|) below), 
denotes the exterior normal to dfl at x, and we assume that the denominator 
in (|42p does not vanish, otherwise we simply set pk^r — f- Set also 

yk.r := xq + pk,ri^{xo). (43) 

Up to taking S even smaller, we may assume that 

^ < i^{xo) ■ i^{x) < 1 x e OnnBrixo), r < S, (44) 

hence \pk,r\ < 2r. Applying Lemma \TE\ to Uk on the domain fJ' := n Br{xQ), 
with 

Q = (2m-l)!e-2™"^ y = y^,,, 
and by the property (A4), we get 



Ai < lim (2m- 1)! / e^^'-dx 



_lim ^^"^^ / (x - 2/fc,,) • z.o'e2'""'=da (45) 
/an' 



- lim i / (x - yfc,r) • i^n'|A"ufc|^da + lim / fkda, 
where /fe is defined on dQ' by 

m— 1 

fk{x) - ^(-l)™+^+ii^o' • (A*((x-yfc,,) • VMfc(x))A^'^Ufc(x)). (46) 
3=0 
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Now write fk = fi^^ + fi^\ where 



p(2)^^^^_/ m' ■ Ukix) {x - yk,r) ■ ^'^ Uk{x) if m is odd 
-D^A^T~Ufe(x)(z^n/,x - yk,r) A^Uk{x) if m is even, 



where we use the notation D'^(p{x){^X) dx^ds) ^^^'' - Using (|63p below, one 
can see that 

m-2 

j=o 

+ 9k{x), 

J {m — l)^^' (x) ■ Uk{x) Uk{x) if m is odd 

I {m — l)i>iii (x) ■ A^~ Uk{x) A^ Uk{x) if m is even. 



gkix) 



Notice that ^ impUes that V^Uk = on dfl for < £ < m — 1. Since each 
monomial of fj,^^ contains a factor of the form d'^Uk for some multi-index 7 with 

7I < TO — 1, we get 



We now claim that 

/ ' ' 

JdQ.r\B^{xQ) 



^{x-yk^r) ■ m\A 2 ufcp + 



annBr(2:o) 



da 

{x-yk,r)-m\A'^Uk\^da. (48) 



It TO is odd, A 2 Ufc = on dQ implies that A"^ Uk{x) 1. dfl for x e dfl, 
whence 

fi^\x) ^ Viv ■ A'^Uk {x - yk,r) ■ A'^Uk = m' ■ {x - yk,r)\A'^ Uk\'^ , x e dQ. 
Then ([^5]) follows. When to is even, we also have 

/k\x) = iyn'-ix-yk^r)\A'^Uk\^ on dn. (49) 
To see that, write Uk A^~Uk. Then Uk = and VUk = on dQ, hence 

D^Ukix) = lyh'^liAUk, 

is proven and (HH]) follows. 

Now, the second integral in (|48p must be zero by ((1^ and if the de- 

nominator in (jH]) does not vanish. If it vanishes, observe that, by (jU]) 

iy{xo) ■ i^{x)\A'^Uk\^ > i|A^Ufc|2, 

therefore we obtain A^Uk = on dQnBrixo), and also in this case the integrals 
in (|351) vanish. 
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By ^ and Lemma [5J we also have 

<C 



^^^^ f (.-y.,.)-.o^e--^- 



2m 



2mak ^ /^^2m 

90nB,-(xo) 



All the other terms on the right-hand side of (|45p . namely the integrals over 
f2 n dBr{xo), are bounded by Cr^^^^^ for < r < (5 and k > k{r) large enough. 
Indeed, by Step 1 we have 

lim sup |V^Mfe-V%|=0, |V^Mo|<C, < £ < 2m - 1. 

dBr(xo)r\n 

Therefore, taking the limit as fc —> first and r — > then, we infer 

Ai < Cr^"-^ 

This gives a contradiction as r — > 0, hence completing the proof in the case 
when m is odd. 

□ 



Lemma 10 Up to selecting a subsequence, 

ilk ^ —oo locally uniformly on Q\ S, (50) 
where S is as in p3|) . Moreover 

N 

lim Uk = V AG,(„ m Cf^-''"{n \ S), (51) 

i=l 

p., := (2m - 1)! lim lim / e^^^^dy, (52) 

and > Ai, forl<i<N. 

Proof. Step 1. We claim that Uk — * — oo locally uniformly on ^\S. Indeed take 
(5 > such that Vlg Vl \ U^iBs{xi) is connected and dfls n dfl ^ 0. Lemma 
[5] implies that Uk is Lipschitz on Qg, and we also have Uk — —ctk on dfls H 9ri, 
hence 

|ufe| ^ \uk + ak\ < Cs in fi^. (53) 
Since ak — > +oo, we have Uk ~oo uniformly on Qg, hence the claim is proved. 
Step 2. By © and Lemma [51 the Uk's are bounded in C{^(,(^ \ Since 
(-A)™Ufe = (2m - l)!e-2™"fce2""^ 

where the right-hand side is bounded C^^^{^l\S), by elliptic regularity we have 
that, up to a subsequence, 

Uk^ip in Cf^^^-"{n\S), 
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for some ^ G Cj^™ ^'"(fi \ 5). Up to taking 5 > smaller, we may assume that 
Bs{x^^'^) n Bs{x^J'>) — for i ^ j. Since Uk — > — oo uniformly on the compact 
fls, we have by (fTO|) 

lim = (2m-l)!lim [ G^{y)e^'"'"''^yUy 

k^oG k~^oc Jq^ 

N 

= (2m-l)!limV/ G:,(y)e2™"'=(2')dy. (54) 

Now we want an explicit expression for Fix x e ri\5. We observe that G{x, •) 
is smooth away from x; in particular it is continuous on Bs{x^'^'^) for all i (up to 
decreasing 6). By up to a subsequence we have 

e^"^^" {y)dy u in H 

weakly in the sense of measures, for some positive Radon measure v. On the 
other hand, since ((50|) implies that the support of v is contained in 5, we get 

JV 

i—i 

for some constants f3i > 0. Then ([5^ implies 

N 

'J-k(x) = 

A: — *oci 



lim Ufe(a;) = ^ AG^ci) (x) Va; e il \ 5, 



where (3i is as in (|52p . Now we fix a point x*-*-* G and we set fj,k,i and x^^i as 
in Lemma El By (^4) 



lim / e2'"«'=(^)dx > lim lim / e2'"«'=(^)rfx = l^^™]. 

1^^°° J Bs{x(') )nn J BR^,^(xk,^) 

Taking the limit as i5 — > we get (3i > Ai, as claimed. □ 



Lemma 11 For any xo G we have 

lim lim / e2""'=da; = 0. (55) 

In particular S D dQ = 0. 

Proof. Fix xq G 9ri. If xq ^ S, then follows at once from Lemma [TOl 
Then we can assume xq — x'-^'> G dfl fl 5 for some 1 < j < N, and proceed by 
contradiction. Take i5 > such that S n Bs{xq) = {xq}. Let 1^ : ^ g2m-i 
be the outward pointing normal to d^. Set pk,r and y^^r as in (|42|) and (|43ll . 
Take r > so small that 

- < i^(a;o) • v{x) < 1 for a: G Sfi D Br{xQ), 
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so that \pk,r\ < 2r. Applying Lemma [T5l to Uk on the domain f2' :— Qn Br{xo), 
with 

Q = (2m-l)!e-2™a,^ y - y^,., 

we obtain 

(2m-l)! / e^-^-do: = i2rn_llr _ y^^^y ^^,^2mu,^^ 



2 m 



an' 



/an' 

_ f(l) , j:-(2) 



where /fc(x) = + f^. , with the same notations as in (|^ . (|i71) . Since each 



monomial of /^/•' contains a factor of the form d'^Uk with I7I < m — 1, we get 



fj^^^'da = 0. 

af2nB,-(xo) 

Again we have that (^5)) holds and the corresponding integral vanishes, thanks 
to our choice of pk,r and yk,r- This takes care of the integral on dV, n Br{xo)- 

Since Gxg = 0, and the derivatives of G^ii) are bounded in Br{xo) for x^"^^ ^ 
Xo, ([5T|l imphes 

lim / fl^^da < Cr'^"'-\ 



and 



lim 

k — ^00 



i(a;-yfe,.)-i/|Atj.,|2 + /f 



da < Cr 



2m 



As for the first term on the right-hand side of (|56p . ^ and Lemma [5] imply 



r 



Ian' 

Summing up all the contributions and letting r — > we get ([55]). □ 

Lemma 12 In (HI]) and we have p., = Ai for all I <i < N. 

Proof. Since S f] dil = (d, there exists S > such that Bs{x^'^'>) C f2, and 
S n -B5(a;(*') = for aWl <i< N. Fix i with 1 < i < iV and suppose, up 

to a translation, that x^-^^ — 0. Recall that 



/3i = (2to - 1)! lim lim / e^^'^-dx 



By the Pohozaev identity of Lemma llSl applied to Uk on the domain Bs '■— Bs{0) 
with y = and Q = (2m - l)!e-2mafc^ gg|- 

(2m -1)1/ e2™"=da; = /5(ufc) + //5(ufc)+///,-(ufc), (56) 
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where 



S f 

IIs{uk) = -o / lA^Mfepdcr 



m — 1 „ 



From Lemma [TU] we infer 

lim //^K) = //^(ftGo) = A'//5(Go) 

/c— i-OO 

lim m^K) = IIIs{P^G„)^|3fIIIs{Go). 

k — >oo 

Since the functions e^™"* ^ in C°{dBs), we have 

hm /^(wfc) = 0. 

— >oo 

The Green function Gq can be decomposed in the sum of a fundamental solution 
for the operator (—A)™ on M^™ and a so-called regular part R, which is smooth: 
Let us write 

Go= g + R in n 

where 

..1,1 Ai 
g{x) := log — , 72™ := — 

72m FI 2 

satisfies {—A)™'g — 6q (see e.g. Proposition 22 in |Marl| ). and R := Gq — g E 
G°°{Ti). Since 

|V^i?| < C. iV^gl < on dBg, (57) 

we get 

IIs{R + g)~IIsig) <C5 [ G QA"^ g\ + C) da < GS"^ . 

JdBs 

For the terms in IIIs{R + g), ([57)1 implies 



III^/\g + R) := / t.- (A*(a;-V(i? + 5))A'=^(i? + 5))da 
= y ■ (^A* (a; • V5) A ^""'2''' da 
+ [ u- (A5 [x ■ VR) A^'^T^g) da 
+ [ iy(Ai{x- V.g) a'-""^ r) da 
+ [ V- (A5 (a; . VR) A^'^T^i?) da 
= ni^/\g) + 0{d) as(5->0, 
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where |0(5)| < CS as 6 ^ 0. Summing up all what we proved until now, we 
obtain 



A = (3f lim lim [Is{uk) + Ih{uk) + nh{uk)\ = f3f lim [lls{g) + Uhig)] . 

— >Q k — *oo — >0 

On the other hand, since Ils^g) and IIIs{g) do not depend on 6, it is enough 
to compute 



f3,^ns{g) + IIIs{g) 
for an arbitrary 5 > 0. Using the formula 



(58) 



72„^A'=g= (-l)'=(2fc-2)!! 



(2to-2)!! 
(2m-2fc-2)! 



-2fe 



we find 



Ilsig) 



dBs 



(2m -2)!! 

72m 



da = -IS 



2„_i,[(2m-2)!!]2 



27L 



Observing that 



Afe(x-Vg) = 2kA''g + rdrA''g = 0, 
drix-Vg) = -j'-i ■ V(r-i) 0, 

X ■ Vg — rdrg — , 

72m 

72mC.A g - [ i) (^>')-^2m-2k-2)U 



we see that IIIg'\g) — for 1 < j < m — 1, and 

///5(5) = (.g) = (-l)™+i / (x.VgRA'"-V^ 



IS*' 



2„,_i,[(2™-2)!!p 



7l„ 



From we get 



1 

ft 



whence ft = Ai. 



[(2m-2)!!p 

27|„ 



(2m- 



□ 



Proof of Theorem]^ By Corollary[3l it suffices to prove that, under the assump- 
tion case (ii) of the theorem occurs. This follows at once putting together 
Lemmas Emnmi] and HH □ 
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Appendix 

A useful theorem 

Several times we used the following theorem from [Mar2| (compare also [BMj 
and [MS])- 

Theorem 13 Let fl be a domain in M^™, m > 1, and let {uk)keN ^6 sequence 
of functions satisfying 

(-A)™Mfe = (2m - l)!e2™"^ (59) 

Assume that 

[ e2"'"=da; < C, (60) 
for all k and define the finite (possibly empty) set 

Ai 



Si:^ {x 



eVl: lim lim / (2m - I)!e2™"'=d2/ > 

r^0+ JbAx) 



Ax) 2 
Then one of the following is true, 
(i) A subsequence converges in Cf^~^''^ {^) and Si = 0. 

(a) There exist a subsequence, still denoted by (uk), a closed nowhere dense set 
Sq of HausdorfJ dimension at most 2m — 1 such that, letting VIq = SqU Si, 
we have Uk — > — oo locally uniformly in f2\f2o as k —>■ oo. Moreover there 
is a sequence of numbers (3k oo such that 

— ^ifi m Ci^^ (f2\i2o), 

Pfc 

where tp £ C°"{Vl\Si), S{) ^ {x e ^ : ^p{x) = 0},, and 

(-A)"V = 0, ip<Q, ip^O mn\Si. 

Pohozaev's identity 

We now discuss a generalization of the celebrated Pohozaev identity to higher 
dimension, Lemma [TBI below. A similar identity can be also found in [Xu| . We 
use the following notation: 

A^u := VA"it e if m = 2n + 1 is odd, (61) 

and we define A-' u • A^u using the inner product of K^™, or the multiplication 
by a scalar, or the product of R, according to whether j and £ are integer or 
half-integer. 

Preliminary to the proof of Pohozaev's identity, we need the following lemma. 

Lemma 14 Let u e C'^+^n), where n C R^™ is open, and let y G R^™ be 
fixed. We have 

i div((x - y)|A^u|^) = A^((a:: - y) ■ Vu) • A^m 
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Proof. By a simple translation we can assume y = 0. Let us first assume m 
even. Then 

idiv(a;|A^u|^) = m\A^ + [{x ■ V)A^ u)] ■ u 

= to(A^u + • V)A'?u) • A^u. (62) 
Observing that D^x = and use the Leibniz's rule, we also get 

2m 

(a; • V)A^u + mA^u ~ {x ■ V)A^u + m d^j x"^ A^ d^^dx^u 

= A'?(x-Vu) (63) 
Inserting ([55]) into we conclude. □ 

Lemma 15 Let u G C"+i(II), g e M satis/y 

(-A)"w = Qe^"" 

/ Qe2""da; = -L /" (a; _ y) . j.ge2"«dcr i /" (x - y) • i/| A^wpda 

m — 1 ^ 

+ V (-i)™+i+i / I. . (Ai{{x - y) • Vu)A^'''^u)d(7. 



3=0 

Proof. The proof is a pretty straightforward application of integration by parts. 
We have 

[ (a; - y) • i/ge2""'da [ 2me^"'''Qdx+ [ 2m{{x ~ y) ■ \7u)e^"'''Qdx, 
J do. Jn Jn 

since both sides are equal to div((a; — y)e'^"^^)Qdx. Then we use 

I (x-y)- Vue'^"'''Qdx ^ (-1)" [ (x - y) ■ VuA'^udx 
Jn Jn 

= [ A'^{{x~y)-Vu)A"'2udx+ [ fda, 
Jn'- V ' Jan 



/n" V ' J an 

= i div((a:-y)|ATtt|2) 



where 

m— 1 

f{x) := (-l)"+^i/ • (A5 {{x - y) ■ \Ju{x)) A^""^ u{x)^ , x e dn. 

3=0 

Moreover 

- f div{{x - y)\A'^u\'^)dx ^ - f {x - y) ■ i^lA"^ u\'^da. 
2 Jo 2 Jqq 

Summing together we conclude. □ 
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